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We show that, in the standard scheme of one-way computation where the quantum circuit consists of 
controlled-NOT gates and rotation gates, all intermediate states appearing in the process at a given step of 
measurement are equivalent modulo local unitary transformations. This implies, in particular, that all those 
intermediate states share the same entanglement irrespective of the measurement outcomes, indicating that 
the process of one-way computation is essentially unique with respect to local quantum operations. 
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1. Introduction 

Entanglement is a key ingredient to render the 'quan- 
tum' distinctive against the 'classical'. The superiority of 
quantum computation {e.g. speed-up) over the classical 
counterpart, for instance, rests on the exploitation of en- 
tanglement, and it is essential for us to figure out how 
to achieve it effectively. For implementation of quantum 
computation,^'^ two schemes have been primarily inves- 
tigated; one is computation by synthesis of quantum logic 
gates, ^'^ and the other is one-way computation by local 
measurements of quantum states. The significance of 
entanglement in the former has been studied, ^^^^"^ and 
it is confirmed that entanglement is indeed crucial to 
achieve the increases in computational power that quan- 
tum computing makes possible. Meanwhile, for the latter 
scheme it is found^'^'^ that, among all entangled states, 
cluster states provide a preferable basis for the increases. 

One-way computation has a notable affinity with en- 
tanglement in that it consumes entanglement in local 
measurements. This prompts us to ask precisely how en- 
tanglement is created and consumed in the actual process 
of computation. However, this question has been deemed 
difficult to answer, because the process involves various 
intermediate states (IMS) generated by local measure- 
ments. In fact, since the number of different IMS grows 
exponentially as the number of measurements increases, 
one may expect that the analysis of entanglement is vir- 
tually impossible. 

In this article, we show that this is not the case 
- specifically, we prove that for one-way computa- 
tion realized by a standard quantum circuit consisting 
of controlled-NOT (CNOT) gates and rotation (ROT) 
gates, all IMS with different measurement outcomes are 
related by local unitary transformations. In this respect, 
we recall that the outputs of each gate, which are special 
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cases of IMS, are known to be related by local unitary 
transformations called byproduct operators.^ However, 
when one wants to examine the outcomes of general in- 
termediate measurements, performed not necessarily in 
the order of gates prescribed for the computation, or even 
for partial set of qubits in the gates, the byproduct opera- 
tors are no longer sufficient to guarantee the local unitary 
equivalence. Our result holds in this most general case as 
well. Since entanglement is invariant under such trans- 
formations, this implies that the consumption process of 
entanglement in one-way computation is actually unique, 
irrespective of the outcomes of the measurements. 

2. Preliminaries 

To recall the prerequisite of one-way computation, con- 
sider an n-qubit system whose constituent qubits are la- 
beled by V ~ {1, 2, ■ ■ ■ , n}. Elements of the set V may be 
regarded as vertices on a plane, where edges are formed 
by connecting two pairs i,j £ V we choose. A graph 
G{V,E) is then defined as the union of V and the set 
E of edges chosen. Each vertex i in the graph G has the 
neighbor ~ {j G V \ {i, j} e E} connected by the edges. 
We may divide V into three mutually exclusive subsets 
V = CjUCm^Co, where C/, Cm, and Co are called 
'input', 'middle', and 'output' section, respectively, such 
that the number of the vertices in Cj is equal to that 
of Cq. Each qubit represented by the vertex i carries 
the Hilbert space T-Li ~ C^, and accordingly any set of 
vertices has the corresponding space given by the tensor 
product of the constituent Tii. For example, the input 
section Cj has T-L{Ci) = ®i^Ci'^i^ ^'^^ ^ space it is 
identical to the logical qubit space 'H{Ci) = Tiiog in which 
a desired unitary gate C/desired is realized. The basic idea 
of one-way computation is to acquire the output state 
t^desiredlV'in) hi Cq to a given input state \ipin) in C/, 
thereby achieving |?/>in) f/desired|V'in) in Tiiog- 

For the actual implementation, we first prepare each 
of the qubits i not belonging to Cj {i.e., i G V\Ci) in the 
-1-1 eigenstate of the spin operator cr^ in Hi. Thus 
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our initial n-qubit state is 

1*0) = IV^in)' 



(1) 



iev\Cj 



Let 1* be the identity operator on Tii, and |0}i, \ be the 
+ 1, —1 eigenstates of cr*, respectively. The conditional 
phase gate associated with the edge G E reads 

^\Q)rm®V + \l)u{l\®(Tl (2) 

The graph state \G) corresponding to G{V,E) is defined 
from the initial state by applying the conditional phase 
gate for all edges in the graph: 

\G)^S\^o), W S,j. (3) 

For brevity we hereafter omit the symbols ® and 1* when 
no confusion arises. Note that S satisfies 



(4) 



(5) 



jeNi 

It then follows from (1), (3), and (4) that 

K^\G) = |G), 

for al\ieV\Ci.^-^ 

Suppose that as an intermediate step of the one-way 
computation, we measure the spin of the z-th qubit in 
the x-y plane with angle 9 using the operator cr* cos0 + 
(7y sm9. According to the measurement outcomes s = ±1, 
the state undergoes the change \G) Pg{6)\G), where 
the acquired IMS is characterized by the projector, 



PsiO) = 

which fulfills 

From these we have 



-s (J' cost 



(6) 



Pi{9)al=alPU0). (7) 



Pl{e)K, = { K.PIM if I ^ J, teN„ 



(8) 



3. Local Unitary Equivalence 

Since our one-way computation consists of a set of 
ROT gates and CNOT gates, we first argue that these 
two admit independently the local unitary equivalence 
for IMS, before combining the results to show that the 
same is true for a generic one-way computation. 

3.1 Rotation Gate 

Let us start with the one-qubit ROT gate, which can 
be parameterized by the Euler angles ^ = {^,rj,Q) as 



exp 



~irj- 



cxp 



(9) 

This gate can be implemented by the n = 5 cluster state 
with the graph Grot shown in Fig.l. Let Si = ±1 be 
the outcomes of measurement for the i-th qubit with an- 
gle 9i, which is performed successively by the ascending 
order of i. The actual measurement axis 9i = 9i(^,s) is 



Ci 



f \ 












Fig. 1. (Color online) The graph Grot for the ROT gate. The 
lines between the numbered vertices represent the edges, and we 
have, e.g., the neighbor N2 = {1,3}. Measurement angles 6i above 
the vertices i are specified by Eq. (10). 



determined from the Euler angles ^ in the ROT gate and 
the measurement outcomes s ~ {si, 32,53} as 

9i=0, 02 = -siC, 93 = -S2V, 94 = -siS3C. (10) 

The measurement of the 1st qubit on the graph state 
(3) yields the IMS (0)|Grot), which fulfills 

n\(0)|GROT) -^i,(0)i^2|GROT) = A-2Pi«^(0)|GROT), 

(11) 

on account of Eqs. (5) and (8) with 1 S N2. This shows 
that the local unitary operator K2 transforms an IMS to 
another IMS having the opposite measurement outcome. 
We also observe, from Eqs. (5) and (8) with 1 ^ N3 and 
2 £ iVa, that the IMS obtained after the 2nd measurement 
obeys 

Ps, (0)|Grot) - {e2)Pl, (0)i^3 IGrot) 

= Pl{92)K:iPlmG^OT) (12) 

= i^3^^^.,(02)Pii(O)|GROT). 

A similar argument using K2, instead of K'i above, yields 

n',(^2)n\(0)|GROT) = K2Pl{-92)Pl,^mGliOT)- 

(13) 

Since —92 = — (— si)^, we conclude from (12) and (13) 
that IMS in the 2nd measurement with different out- 
comes can be related by combining {i^2,-K'3}. 

Generalizing our reasoning, we see that the IMS of the 
3rd measurement with the outcome (si, 52,33) can also 
be transformed into any IMS with a different outcome 
{81,82., s'^) by an appropriate combination of local uni- 
tary transformations {K2, K3, K4}. Clearly, the number 
of choices of Ki is 2'^ which is just the number of all pos- 
sible different outcomes. An analogous result holds for 
the IMS in the 4th measurement with (51,52,53,54). To 
summarize, we find that for the ROT gate all the IMS 
appearing at any stage of the measurement can be trans- 
formed into each other by local unitary transformations. 

3.2 CNOT Gate 

Next we turn to the CNOT gate. If implemented with 
i-th qubit as the control qubit and j-th as the target, the 
gate is represented by 



UcNOT^\0)^^{0\(®P + \l)^,{l\(g>ai 



(14) 



The gate, with the choice i = 7, j = 15, is realized by the 
n = 15 graph GcNOT shown in Fig. 2. Unlike the ROT 
ease (10), all the measurement angles are predetermined 



9, 



J. Phys. Soc. Jpn. 



FULL PAPERS 



0-0 




Fig. 2. (Color online) The graph Gcnot for the CNOT gate. 
Above the vertices i the measurement angles 6i, which are either 
or 7r/2, arc indicated. 



as 6i = 0,7r/2 independently of the outcomes Sj. 

Consider the local measurements over all qubits in 
V\Co = Ci UCm. The IMS with the measurement out- 
comes Si are then given by OigyvCo -fs,(^«)|GcNOT) up 
to a normalization factor. Using the identity Pj(0) = 
Pi^iO + i:) and (8), we obtain 



n ^(^.)=n(o) n 

j£{t}UN, jeN, 
0, and 



for i with 0, 
K 



n 

j€{i}UNi 



n 

j£{i}UNi 



)K, 



(15) 



(16) 



for i with 9i = 7r/2. These relations show that the action 
of Ki on the IMS flips the measurement outcomes on the 
qubits in Ni (including i-th qubit for 6i = it/2) in IMS. In 
Table I, we summarize the sets of Sj whose elements are 
flipped by Ki. By combining these Ki appropriately, we 
can construct unitary operators which flip the outcomes 
of a specific qubit without flipping the rest, which implies 
that all IMS can be related to each other by local unitary 
transformations. The above argument also ensures that, 
by an appropriate local unitary operation, we can change 
the measurement outcomes freely even when not all of 
the qubits are measured. 

3.3 Universal Gate Set 

Now we come to the point to show that one-way com- 
putation for the universal gate set enjoys the same uni- 
tary equivalence. To this end, recall first that in the log- 
ical space Hiog any unitary gate f7desired can be decom- 
posed into a product of ROT and CNOT gates. 



'^desired — Umi^ ) ?^m-l(^ 



■■■uiie), (17) 



where C/q(^"), a = 1,...,to, are either C/rot in (9) or 
C^CNOT in (14) acting in (generally different) subspaces 
in Hiog, with = i^"' ,11°' ,(,"') being relevant only for 
C^ROT- Each Ua is implemented at step a in the whole 
process of computation and, accordingly, we consider a 
graph G consisting of subgraphs , with their own ver- 
tices V = C^UC^^UCg, which are either Grot or 
Gcnot in correspondence with Ua in (17). The actual 
process of step a involves an extended graph Gg^t 3 G" 
with extra vertices which are irrelevant for the imple- 
mentation of Ua but necessary to provide 'Hiog as the 



Table I. (Left) The action Ki and the flipped qubits j in the 
measurement outcomes Sj . (Right) The qubit i and the combined 
operator required to flip only the outcome s; leaving all the rest Sj 
for j unaltered. 



UUCl CLLUI 


"H 1 r^T^ CiiH 1 1 Vai ^"C 
ill JLJ j-JCU. (_]^ U UI LrO 


— qubit 




K2 


1,2,3 


1 


K2K3K5K6 




2, 3, 4 


2 


Ij^ Ti^ Tj^ Ti^ Tj^ Ti^ It^ 
K3A4A5A7A8A13K15 


Ka 


3,4,5,8 


3 




Ks 


4,5,6 


4 


K5K6 


Ke 


5,6 


5 


KeKr 


K7 


6 


6 


K7 


Ka 


4,8,12 


8 


K5K6KSK13K15 


Kio 


9,11 


9 




Kii 


10,12 


10 




Kl2 


8,11,12,13 


11 




Kl3 


12,14 


12 


K13K15 


Ki4 


13 


13 


Ki4 


Kl5 


14 


14 


Kl5 



operational space. We denote by Xf and Xq the input 
and the output section of Gg^^ containing Cf and Cq, 
respectively, for which we have HiXf) = ^{Xq) = Hiog- 
The input section Xf contains those vertices in Cq with 
P < a which have not been used in earlier steps, and 
likewise Xq contains those vertices in cf with /3 > a 
which will be used in later steps, such that Xj = G/, 
X^ ^ X^+^ for fc = 1, m - 1 and Xg' = Go (see Fig.3 
for illustration). 

To describe the process more explicitly, consider a pro- 
jection associated with the measurements over an arbi- 
trary subset C V^XCq of qubits in G" with outcomes 
= {sf = ±1 I i e 



(18) 



where Of are given by Of = 6'i(^°, s") as in (10) for G° = 
Grot, while 9f = or 7r/2 for G" = Gcnot according 
to Fig. 2. With modified angles /"^" (to be discussed 
shortly) with f^£} = , the IMS of the entire system at 
an intermediate step a = k after the measurements over 
Ai. = U^_i can then be written as 



l*(Sfe;Afe)) 



1*0), (19) 



where the product is in the descending order of a from 
the left. In (19), S°' ~ Y\^- j^^^a Sij is the operator (2) 
associated with the edges E°' in G", IvPo) is the ini- 
tial state (1) for the total graph G, and we have intro- 
duced the notation = {s^, . . . , s'^} for the collection of 
the measurement outcomes up to step k. The choice of 
Afc is not completely free because we cannot measure a 
qubit whose measurement angle is not determined by the 
measurement results of previously measured qubits. This 
means that the IMS in (19) are those (and actually the 
most general) states which appear in an actual process of 
the one-way computation, where the measurement angles 
/°^" of qubits in A^ are determined by earlier measure- 
ment results of qubits in A^ . 
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Fig. 3. (Color online) (Above) The graph G for the unitary gate JJdesired = C^CNOTt^ROxf^CNOT- (Below) The diagram of the process 
of computation with extended graphs G^^^ obtained by adding to G" virtual vertices (open circles) which are aliases of the nearest 
vertices connected by the dotted lines. All the input and output sections X" and Xq in G"^^ possess the same number of qubits to 
provide the space Hiog- 



Wc now notice that, by using the k = 1 IMS in (19), 
the local unitary equivalence argued earlier for ROT and 
CNOT may be expressed concisely as 



|*(S]i;Ai)) = C/(S]i,S'i)|*(S]'i;Ai)), 



(20) 



with a local unitary transformation [/(Si, S'^^). Indeed, 
this is so because |^'o) in (19) contains (S>i6(ci uC^ ) I"'")* 
which is sufficient for our argument there. 

An important property in one-way computation is 
that, after the full measurements = V^"\Cg, the IMS 
at each step k admits the form, 

\^{^k;Ak)) = \iLt)®\^''), (21) 

where IV'out) G T^i^o) output state, and \4>'') € 

'H{V\Xq). The output state liAout)! which becomes the 
input state {il^ij^^) in the next step, turns out to be 



(22) 



with a qubit-wise local unitary (byproduct) operator 
Rk = i?fe(s''), where IV'in) is given by Itpin) in (1). The 
maps /" are then determined^ from the demand that at 
the final step m we obtain 



^ f^desired 



(23) 



with some local unitary gate T. 

Having given the relationship between adjacent steps, 
it is straightforward to extend the result (20) to the final 
step k = m (for detail, see the Appendix): 

|vI'(E^; A^)) = Ui^rrA) |*(S:„;A„)). (24) 

This shows that any two IMS with different outcomes 
Em and SJ„, obtained under the measurements on the 
same but arbitrary set A^ which corresponds to an in- 
termediate step in an actual process of the one-way com- 
putation, are equal up to a unitary local transformation 
U{J^m,^'m)- The equivalence of entanglement possessed 
by those intermediate IMS follows immediately from this, 
on account of the general requirement of the unitary 
equivalence for entanglement measures. 



4. Summary and Discussions 

In this article, we have shown that, for the universal 
gate set consisting of ROT gates and CNOT gates, all 
IMS with different outcomes for an arbitrarily chosen set 
of measurements can be related by local unitary opera- 
tions. This rather simple observation should be handy for 
tracking the consumption process of entanglement in the 
cluster state during one-way computation. For instance, 
this will reduce the complexity of evaluating multipar- 
tite entanglement measures {e.g., those based on concur- 
rence^^' ^^) which are required to be invariant under local 
unitary transformations, allowing us to consider only a 
single IMS for each measurement. Note that our equiva- 
lence is established for local unitary operations, not for 
LOCC (local operations and classical communication) 
under which entanglement measures are only monotone 
rather than invariant. We hope that the essential unique- 
ness of IMS pointed out here provides a basis for com- 
paring directly the process of one-way computation with 
those of quantum logic gates, and thereby assists our un- 
derstanding on quantum computation further. 
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Note 

After this work was completed, we learned that a simi- 
lar result was obtained in Rcfs..^^' Their result may be 
summarized as follows: if one assumes that 0) a "Pauli 
flow" can be found on a graph and its measurement pat- 
tern, then there exists a series of measurements such that 
1) it can sends input pure states to output pure states, 2) 
the measurement angles are determined by earlier mea- 
surement results, and 3) the outcome states with differ- 
ent measurement outcomes are equal to each other up to 
a local Clifford group. 

In their paper, the internal relations among the three 
assertions 1), 2) and 3) were not discussed and remained 
unclear, whereas in this article we have shown that 3) 
actually follows from 2) (which is used to ensure the ex- 
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Fig. 4. (Color online) The graph for the unitary gate f/ROT^^CNOT possessing the input section Cj = {1,13} and the output section 
Co = {11,19}. The measurement angles are indicated above the respective qubits. 



istence of the function /" in the Appendix) when the 
measurement patterns are restricted to the circuits made 
of CNOT and ROT gates. The difference in logical struc- 
ture between the two is significant, since assumption 0) 
is not trivial at all. 

To see this more explicitly, let us consider, e.g., the 
unitary gate J7rotC^CNOT shown in Fig. 4. After the 
measurements of five qubits numbered as 1, 2, 3, 5 and 
6 (whose angles are determined by the original rules^), 
we are left with fourteen-qubit entangled states as our 
IMS. Depending on the measurement outcomes, there 
arise 2^ different types of entangled states. Our result 
assures the local unitary equivalence among all these 
states, that is, assertion 3) from 2). On the other hand, 
the result of Rcfs.^^'^^ assures the local unitary equiv- 
alence of such IMS only when there exists a corre- 
sponding Pauli flow with the partial order "<" satisfy- 
ing i ^ j, Vi e {4, 7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19}, 
Vj G {1,2,3,5,6}. This is a highly nontrivial problem and 
does not seem to admit an immediate answer, even if it 
turns out to be affirmative. In comparison, our assump- 
tion 2) is rather mild from physical grounds and can al- 
ways be checked by applying the rules'^ inductively. In- 
cidentally, our result may in fact suggest that 2) implies 
0), which should also be interesting to confirm. 

Appendix 

In this Appendix, we prove the local unitary equiv- 
alence (24) of IMS by mathematical induction starting 
with (20). Our argument will be similar to those given in 
the text, except for some technical complication due to 
the maps f" which become nontrivial for k >2. Prior to 
the proof, we describe and also present two formulas 
to be used. 

We put, for simplicity, all the unmeasured outcomes 
as +1, which is assumed to be possible here without in- 
fiucncing the measurement outcomes over A^ = Ll'^—^L°'. 
With gi = , the byproduct operators Ra{s°') appear- 
ing in (22) under the given outcomes can be written as 
(see Ref."^) 

RROT = {a:,r'^'Ha.r+s\ (A-1) 
if Ua is ROT, and 

n f (c)\-Y^'''/ (t)\-7(*^ (c)n'y'''^ (^)^-Y^'' /AO\ 

-RCNOT = (c^x )^" (o-iO^" (c^^ i<^z'y' , (A-2) 

if Ua is CNOT, where the factors associated with the 
spin operators of the control and target qubits are given 

by 



7. 



(t) 



52 +.93 + .98 + .912 + 514, 

51 + .93 + .94 + .95 + 58 + 59 + 511 + 1, 
59+511+513- (A-3) 



We also record here some useful algebraic relations, 







C^rotK,'7,C] 




C^CNOTfi* ^ 


= cri* ^ t^CNOT, 


TT (c) 
L^CNOTO'x 


= <Jx Ox t^CNOT, 


TT (t) 
i^CNOTO'z 


(C) (t) TT 


C^CNOT O'i'^'' 


= O'i'^'' C^CNOT- 



(A-4) 



Now, we set Ti = 1 and define the gate Wa by 



J^" ifC/„isROT, 
Wa^ { 1 (A-5) 

\f/cNOTr„f/cNOT if t/c is CNOT, 

and then put Ta+i = RaWa to proceed to the next step. 
This allows us to determine all these quantities for higher 
steps iteratively, and the maps /" are defined by the 
relation. 



(A-6) 



This in fact ensures (23) with the unitary gate T — Tm+i- 
At this point, wc note that is regarded as a lo- 
cal unitary operator on 'H{Xf)(— Hiog), but it may be 
extended to a tensor product Ta := O (8) Tq, (g> 1 acting 
on 'H(F), where O is an element of the Pauli group on 
H(Ur=/(Cl UC^j)) and 1 is the identity on the com- 
plementary subspacc in Ji^V). The choice of O is im- 
material in our discussion, because it commutes with 
P{X'^,^^,sl^) and Sl^ for/3 = a, ■ ■ ■ , m. Analogously, one 
can define Wa and Ra from Wa and Ra as the unitary 
operators on H(Xq). 

For these extended operators, we first show 

p(L",rr,s°)^"T„|vi/,) ^ ii^,p(L",r ,s°)^"i*„), 

(A-7) 

for 



I'^a) = |0in)( 



\ + )^ 



(A., 



with arbitrary |0in) G •H(y\(C^ UCg)). Indeed, if C/« is 
ROT, and if Ta — foi example, then from (A-6) we 
have Wa = Ta and f^t = {~^,V,~0 for T = i^,vX)- 



(c) 

Tx 
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Setting Toi = 0(j\ and using (5) and (7), we find 

= 0<7l4,(TlP{L'^,i'',s'^)S'^\^o.). (A-9) 

where the numbers {1,2,3,4,5} are the labels of qubits 
for ROT (see Fig. 1). Since Cq = {5} for this case, we can 
put Wa = Oa'^a'^a^, which demonstrates (A-7). Other 
choices of Ta or the case of CNOT can be discussed sim- 
ilarly. 

We also wish to establish 

(A-IO) 

as a generalization of (20). Again, we examine this with 
an example, this time for Ua given by CNOT. Consider 
two sets of the measurement outcomes s and s' with, say, 
■S3 7^ s'^^Si = s'^{i ^ 3). In this case, from (A-2) we have 
RaR'a = '^'x^l^^ ^ whereas from Table I, we find 

U{^e..K) = K^KeK^KsKiaKi^ = Oalal^l^ (A-ll) 

by choosing an appropriate operator O in the Pauli 
group. We thus find U{T,a,^'a) — RaR'a^ which shows 
(A- 10). Other cases can also be argued analogously. 

With these formulas (A-7) and (A-10), we now prove 
(24) for 

U{^m,^m) =Tm+lT^+l, (A-12) 

based on the assumption, 

ivI/(S,;A„)) =f„+if^+i|vI/(E'„;A„)) (A.13) 

for a — k ~ 1 with some k. For a = 1 we have already 
this, because T2 = Ri implies Tb = i?i and hence (A- 13) 
with a = l follows from (20). For a = fc, we utilize (A-7), 
(A-10) and (A-13) with a = k — l to observe 



|*(Sfe;A,.)) 

F(A^/'=^^s^•)5'=l |^I'(Sfc_i;Afc_i)) 



= p(A^/'=€^s'=)5'= ffef^ivi/(E',_i;A,_i)) 



= Wk 



P(A^^^s''■)5^ f^J*(S]',_i;Afe_i)) 



WkW^ 



|*(S',„i;A,._i)) 



= WkWlRkR'k P{x\f''t,s'')S' 



= WkRkWiR',,\^{^i;Ak)) 

= f,+ lP(+l|vt.(S',;Afc)), (A-14) 

up to a global phase. This is exactly (A-13) for a = k, 
and therefore we reach (24) by mathematical induction. 
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